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The Sum of Squares! method (SOS for short) is a powerful technique for solving 3-variable,
homogeneous inequalities with equality when a = b = ¢. (It is okay if there are other equality cases
as well, but you need to have at least this one). If you have poked around MathLinks, you have
probably heard of SOS, but a lot of the descriptions are in Vietnamese, so most people don’t know
the details. It works as follows:

Sum of Squares:

e Let X be a homogenous expression in terms of a, b, ¢, and suppose we want to
prove X > 0.

e Write X in the following form:
(a—0)*-Se+ (b—1c)?- Sy + (c—a)*-Sp.

If X is a rational function and if X = 0 when a = b = ¢, this can always be
done just by following an algorithm.

e Prove X > 0 from this form, which is often much, much easier than it was
originally!

In many ways, you can think of SOS as a cleaner and more powerful version of Muirhead. Like
Muirhead, it takes some computation, but the tradeoff is that it solves many problems with zero
insight required.

Before going into any more of the details, let’s begin with a few basic examples:

Example 1. (AM-GM) Prove a® + b% + ¢ > 3abc for a,b,c > 0.
Solution. a3 + b3 + ¢3 — 3abe = %b*c . ((a b2+ (b—c)?+(c— a)2) > 0. O

Example 2. (IMO 1983, #6) Prove a?b(a — b) + b%c(b — ¢) + c?a(c — a) > 0 for a,b,c the sides of
a triangle.

*Based partially on Vietnamese notes from MathLinks.

Note that, despite the name, SOS has very little to do with the useful but ad-hoc technique of writing a positive
expression as a positive linear combination of perfect squares. In SOS, the squares are always (a — b)?, (b — ¢)?, and
(c — a)?, and the coefficients need not be positive.
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Proof. a®*b(a —b) + b*c(b — ¢) + c2a(c — a) = QECyC( —b2(a+b—c)(b+c—a)>0. O

Example 3. (Schur’s inequality) Prove a®+ b3 + ¢ + 3abe > chc(azb + ab?) for a,b,c > 0.

Solution. a® + b3 + ¢ + 3abc — chc(aQb + ab?) = Deyela— b)?- (%H) Since Schur’s inequality
is symmetric, we can assume without loss of generality that ¢ > b > ¢. Then, a +c¢—b > 0 and
(c—a)? = (a—b)2+(b—c)® +2(a—b)(b—c) > (a—b)*+ (b— )% Therefore, D eyela— b)? - (eth=<)

is at least
e (etb—c atc—b 2 (bfc—a atc—b
(a —b) ( 5 T >+(b c) ( 5 T

= (a—b?-a+(b-c)-c>0.

This completes the proof, but if you do not already know the answer, you should trace back through
the argument to see when equality holds (it’s not just a = b = ¢). O

AM-GM and the IMO problem become absolutely trivial when written in SOS form. Schur’s
inequality is more difficult, as befits a subtler inequality, but I will come back a little later to
explain where that argument is coming from.

1 Writing inequalities in SOS form

The first step to proving X > 0 with SOS is to put X in SOS form. In this section, I will describe
algorithmically how to do that. As we go, I will illustrate the techniques on the following rather
intimidating inequality (USAMO 2003, #5):

Z (2a+b—|—c)2
— 202 + (b+c¢)? —

There will be a certain amount of computation, but significantly less than what you would get
from multiplying everything out, and the trade-off is there will be basically no insight required. So
without further ado, here is the algorithm:

1. Group X into one or more terms that are 0 when a = b = c.
This is usually pretty straightforward and does not require any cleverness. In our example,
we have

¥ _ Z 8 (2a + b+ c)? 1 Z4a + 5b2 + 5¢2 +10bc—12ab—12ac
262+ (b+c)2) 3 2a2 4+ (b + c¢)?
cyc cyc
One thing to say is that it is sometimes cleaner to have more than just the three cyclic groups

we used here. See Example 4.

2. Write everything as a multiple of (a —b), (b—c¢), or (c — a).
Let’s start with the case of the difference of two monomials, say a?c — b%c or a® — be. In the
first example, the two monomials have equal ¢ exponent, so we can just extract an a — b factor
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to get (a — b)(ac + be). In the second example, we add and subtract an intermediate term
and then do the same thing: a? — bc = a? — ab + ab — bc = (a — b)a — (c — a)b.

In general, we write each term as a fraction where the numerator is a polynomial with sum
of coefficients equal to 0.?> We then group the polynomial into differences of monomials and
use the above trick. In our example, we have

X =

2(a® — ab) + 5(b* — ab) + 5(bc — ab) + 2(a® — ac) + 5(c* — ac) + 5(bc — ac)
Czy; 2a2 4+ (b+ c)?

(a —b)(2a — 5b — 5¢) — (¢ — a)(2a — 5b — 5¢)
Z 2a% + (b+ ¢)?

L = Lo =

cyc

3. Group everything by (a —b), (b—c), and (c —a), and ensure the coefficients still vanish when
a=b=c.
The grouping here is pretty straightforward. In our example, we have

1 2a — bb — 5¢ 2b — ba — 5c
ng-Z(a—b)-( 2).

202+ (b+c)2 202+ (c+a)
cyc

2a—5b—5¢c _ _2b—5a—5c¢
2a%+(b+c)? 2b%+(c+a)?
should happen automatically if you keep everything symmetrical.

vanishes when a = b = ¢, so we’re done with this step. In fact, this

For inequalities that are not fully symmetric though, we might need to do a little more

a+b

something symmetric to each term: (a — b) (% - %HC) We have subtracted ((a —b) +

work. For example, suppose we get something like (a — b) (M) The trick here is to add

(b—c)+ (c—a)) (%HC), which does not change the sum, but now each coefficient vanishes

a+b

5, which might

when a = b = ¢, as required. (In this case, we could also have subtracted
have been cleaner.)

4. Write everything as a multiple of (a — b)2, (b — ¢)?, (¢ — a)?,(a — b)(b — ¢), (b — ¢)(c — a), or
(c—a)(a—0).

This is exactly the same as Step 2, although it tends to be a little messier because we likely
have to clear two (but not three) denominators. In our example, we have

1 12a® — 1263 — 9a%b + 9ab® + 9a’c — 9b*c — 3ac? + 3bc?
X = - Z(a —b)-
3 £ (2a% + (b+ ¢)?)(2b% + (¢ + a)?)
B Z(a—b)Q 4a? + 4b* + ab + 3ac + 3bc — ¢?
- (2a2 + (b+¢)2)(202 + (c+a)?) )’

cyc

and the inequality has been written in SOS form! In the next section, I will discuss how to
complete the proof from this stage.

a—b
Va+vb

2Even if there are square roots, you can do this with difference of squares: /a — vb = . Things might get

ugly though!
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5. Replace (a—b)(b—c) with 1 ((a —¢)? — (a —b)*> — (b—¢)?).
We were somewhat lucky here in that Step 4 immediately put us in SOS form. We could
also end up with some (a — b)(b — ¢) terms. In that case, we just replace (a — b)(b — ¢) with
t((a—e) = (a—b)2 = (b—c)?), and we're done. (b—c)(c—a) and (c —a)(a — b) terms are
dealt with similarly.

Using this procedure, you can write just about any X in the form (a—b)2-S.+(b—c)?-S,+(c—a)?-Sj,
and with some practice, you should be able to do it pretty quickly.

Before covering what to do next, let’s look at a real problem where the hard part is just getting
the inequality into SOS form.

Example 4. (Macedonia Math Olympiad 1999, #5) If a, b, ¢ are positive numbers with a? + b% +
c? =1, prove that

1
a+b+c+—>4V3.
abe

Solution. We first write everything in homogenized form

2 b2 2\2
X:a+b+c+w—4\/3(a2+b2+02).

abe

This looks pretty terrible, but we can deal with it surprisingly cleanly by splitting it into two parts:

<(a2 +b% + )% — 3abe(a + b+ ¢)

_ 2 p2 1 2
b >+4<a+b+c 3(a2+b —i—c))

B Z(a4+a2b2+azc23a2bc> L4 (a+b+c)?—3(a®+b*+c?)
abe a+b+c+ /3(a? + b2+ ?)

_ (a —b)(a® + a®b) — (c — a)(a® + a®c) + 3(b — ¢)%a?
B Z ( 2abc ) *

cyc

cyc

a+b+c++/3(a®+ b+ c?)

a® 4+ a?b — b3 — b%a + 3(a — b)c? —4(a — b)?
=Z<a—b>-< Va3 )>+Z< (a—1) )

a+b+c+ /3(a? + >+ ?)

4 <2ab+ 2bc + 2ca — 2a% — 2b2 — 202>

cyc cyc
b)? + 3c?
= Z(a—b)2'<(a+2)b+ = - 712 2)
pa abc a+b+c+/3(a®+ 0%+ c?)
+ b)% + 3¢2 2

> _pe. (e - .

- Czyc:<a ) < 2abc a+b+c
To prove X > 0, it therefore suffices to show (a+l2)312bj362 > - +12) 2, but this follows from the fact that
((a+b)2+3c?)(a+b+c) > (a+b)c > 4abe. O
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As a fun illustration of just how powerful SOS can be, let’s see how it can prove with very little
extra effort the following much stronger version of Example 4:

1
17(a4+b+c¢) + — > 20V/3.
abc

2 2
By the same argument as before, it suffices to prove 3 .(a — b)* - ((G%Lbj}rgc -2 +119+0) > 0.

However, a+ b+ c > 3vabc and (a +b)? +3c? > 2ab+ 2ab + 3¢* > 3v/12a2b2¢2, so that ((a +b)?
3c2)(a+ b+ ¢) > 9v/12 - abe > 20abe, and the result follows.

2 Analyzing an inequality in SOS form

With Examples 1, 2, and 4, we got lucky in that S, S, and S. were all non-negative. Often, this
will not happen. So what do we do in that case? Thankfully, there are some pretty general tools
that we can use.?

Let a, b, c be real numbers with a > b > ¢, and suppose one of the following holds:
1. 5,>0,5,+ 5, >0, and Sy +.S. > 0,
2. SaZO;Sczoasa"i'ZstOy and25b+ScZO;

3. 8,>0,5.>0, and a®Sp + b>S, > 0.

Then, (a —b)%-S.+ (b—¢)?- Sy + (c—a)?- S, > 0.

Proof of Condition 1. (c—a)? = (a—b)%>+(b—c)?>+2(a—b)(b—c) > (a—b)%+(b—c)?. Since S, > 0,
it follows that (a—b)2-S.+ (b—c)?-Sa+ (c—a)?- Sy > (a—b)?(Sc+ Sp) + (b—¢)?(Sa+Sp) > 0. O
Proof of Condition 2. (c —a)? = (a — b)?2 + (b —¢)?> +2(a — b)(b—¢c) < 2(a — b)? +2(b — ¢)?. If
Sy, > 0, the claim is trivial. Otherwise, (a —b)? - S. + (b —¢)?- Sy + (c —a)? - Sp > (a — b)?(S. +
25p) + (b — ¢)%(S, + 2Sp) > 0. O
Proof of Condition 3. Since a > b > ¢, $=5 > ¢. As S, > 0, we therefore have (b — c)?- Sy + (c—
)2 Sy > (b—c)?- (Sa +8- Sb> > 0, and the result follows from the fact that S, > 0. 0

These criteria are not the only ways of proving an inequality once it is in SOS form, but they are
easy to use and they come up a lot. If you remember them, you will be able to solve most things
(at least symmetric things) that come your way without needing any real insight. For example, if
you go back to the proof of Schur’s inequality, you will see it is just using Condition 1.

Example 5. (USAMO 2003, #5) Let a,b, ¢ be positive real numbers. Prove that

(2a + b+ ¢)? (2b+c+a)? (2c +a+b)? <3
202+ (b+c¢)?2 202+ (c+a)?2 22+ (a+b)2 —

3As SOS is still not very well known, quote this theorem without proof at your own risk on a contest. Fortunately,
the proofs for each part are short, so you should be able to reproduce them as needed.
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402 4+4b+ab+3ac+3bc—c?
(2a2+(b+c)?) (202 +(ct+a)?)”
and similar values for S, and S,. Since everything is symmetric, we can assume a > b > ¢. Then,
clearly Sy, Se > 0.

Now, a?(2b? + a? + ¢ + 2ac) > b%(2a® + b + ¢ + 2bc) because every term on the left-hand side

2a2+(b+c)?
Sirtetap + Shy and

Solution. We put this in SOS form already in the last section, getting S, =

is as big as the corresponding term on the right-hand side, so a? - S, > b?

b2S, + a’S, >

2 <4b2+4c2+bc+3ab+3ac—a2 N 4a2+402+ac+3ab+3bc—b2>
(202 + (c+ a)?)(2¢2 + (a+b)2) (202 + (¢ + a)?)(2¢% + (a + b)?)
2 (3&2—{—3172 + 8¢? +6ab+4ac+4bc> -0
(202 4+ (c+a)®)(2¢2+ (a+b)2) ) —

Therefore, the inequality follows from Condition 3. O

Again, you can see that a rather challenging inequality became very weak when placed in basic
SOS form. This happens a lot, which is why the SOS method is useful!

3 Cyclic inequalities and extended SOS form

One disadvantage of the basic SOS method is that it does not handle cyclic but asymmetric in-
equalities very gracefully. In theory, everything is fine, but asymmetric inequalities are messier to
put in SOS form, this form is not unique, you need to analyze two separate cases (a > b > ¢ and
a < b < c¢), and each case can sometimes be quite tricky.

To make things cleaner, it is often useful to work with the following extended SOS form:

(a—b)2-S.+b—¢)? Sa+(c—a)?-Sy+ (a—b)(b—c)(c—a)-S.

Generally, we write X = Xy + X7 where X7 is skew-symmetric (i.e., swapping a and b will negate
X1). We then put Xy into basic SOS form as discussed above, and we factor (a — b)(b — ¢)(c — a)
from Xj. It is often useful to make Xy symmetric, but it does not have to be.

Once an inequality is in extended SOS form, we analyze it in much the same way as before.
The following criterion is particularly helpful:

Let a, b, c be real numbers and suppose the following holds:

® S,>0,8,>0,S.>0, and 275,5,5. > |S3(a — b)(b — c)(c — a)],

Then, (a —b)%-S.+(b—c)?- Sy + (c—a)?> Sy + (a—b)(b—c)(c—a)-S >0.

Proof. By AM-GM, (a—b)?-S.+(b—c)?-Sy+(c—a)?-Sp is at least 3{/(a — b)2(b — ¢)2(c — a)25,5pS. >
|S(a—b)(b—c)(c—a)l O

There are other things you can do too, but none of them are too fancy. Instead of memorizing
more criteria, you should be able to just play around with the inequality directly.
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Example 6. (UK TST 2005) Let x,y, z be positive real numbers satisfying xyz = 1. Prove that
T+ 3 y+3 e+3
(x+1)?  (y+1?  (z+1)2 "~

Solution. Since xyz = 1, we can let x = 7,y = %, and z = £. Then

a3 T3 abt3b?
P @t T (agq)? T (et

Therefore,

- EEE

cyc
1 a’?+b* —2ab 3 b? — a?
BRI CE R M
Now,
b2 — a2 —(a—b) —(a—b —b - —(c—
.S (a=b) _—f(a=b) (a-b+(c—a) —(c—a)
p (a+b) o a+b a+b b+c c+a

- o0 (i) -0 (e )

(ab)(ca).< 11 >:(ab)(bc)(ca)
b+c c+a a+b (a+b)(b+c)(c+a)

(a—b)2 + 3(a—b)(b—c
eve (@30 T (a0 (7o)
27(a—b)(b—c)(c—a)
(a+b)? (b+c)?(c+a)?

Therefore, we need to show )

— 27
27SaSbSC — (a+b)2(b+c)2(c+a)2 2

)((Cc;j;) > 0. However, S,,S5,S. > 0, and

= |S83(a — b)(b — ¢)(c — a)]|, so this is true.
O

This worked out well largely because the asymmetry ended up being only in the numerators. If
you have asymmetry in the denominators, you may want to multiply things out first.

4 Parting comments

e Do not fall in love too much with the basic criteria for proving something in SOS form. Other
techniques (especially smoothing) can often succeed even when the basic criteria fail!

. . . a
e Sometimes you will see problems that are just too messy for SOS (e.g. chc T <3

given a? +b%+c? = 3). If you get stuck on this kind of problem, try using classical techniques
to simplify things first (e.g. reduce this example to proving »

a < 3 )
ye g24 (bEellatbie) = atbtc/t

e Even Muirhead is not completely supplanted by SOS. For example, > is

much easier to prove with Muirhead than it is with SOS.

1 1
cyc a3+b3+abc — abc

e If SOS does not apply directly (e.g. there are 4 variables, things are not homogeneous, etc.),
some of the key SOS ideas can still be useful. Separate out squares that vanish in the equality
case, factor (a — b)(b — ¢)(c — a) from skew-symmetric terms, etc.
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5 Problems

I recommend using SOS (or at least borrowing the key ideas) to solve these problems. You are
welcome to try other techniques as well, although some of these problems could prove quite difficult
with classical techniques.

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

(Full Schur’s inequality) a*(a—b)(a—c) +b'(b—c)(b—a)+c'(c—a)(c—b) > 0 for a,b,c,t > 0.

(Nesbitt’s inequality) 35 + c+7a + 55 = 3 for a,b,c > 0.

. (Somewhere near Russia, 2008 i":% + ?b__b% + i’c__cé > 0 for a,b,c > 0 satisfying a +b+c = 1.

(CMO 2008, #85) 975 + b= 4 = < 3 for a,b,c > 0 satisfying a + b+ ¢ = 1.
(IMO 2000, #2) (a -1+ %) (b -1+ %) (c -1+ é) <1 for a,b,c > 0 satisfying abc = 1.

(Iran 1996)

1 1 1 9
@02 T Gro? T e 2 Tabtbetea) OF @, 0,¢> 0.

(Japan MO 1997, #2) (SHezely 4 [l o (9 > 2 for a,b,c> 0,

(Japan MO 2004, #4) 1+“—|— Hb—i—li 2( + 7+ ) for a,b,c > 0 satisfying a+b+c = 1.
(Vietnam TST 2006, #4) (a+b+c)- (2 +3+1)>6 <b+c + CJ% + a+b) for a, b, ¢ the sides
of a triangle.

4c ab®+bc?+ca?+abe
a+b + b+c + cta + a?b+b2c+c2a+abe > 7 for a, b c>0.

bt a+b+c
a3+b3 + B+c3 + a3+b3 > 2 for a,b,c > 0.

(Balkan MO 2005, #3) %-F%—F% a+b+c+ éib_?_)c for a,b,c > 0.

b32a'33 + C3+a3 + a3+b3 < 2 + b2 + 2 L for a,b, c the sides of an acute triangle.

(IMO Short list 2006, A5) fvff/’z ff + \[fj;f (\lf + \/ij;‘f 7 20 for a, b, ¢ the sides of a

triangle.

(IMO 2006, #83) Determine the least real number M such that |ab(a® — b%) + be(b? — ¢2) +
ca(c? — a?)| < M(a? +v? + ¢2)? for all a, b, c.

: (a=b)(a=c) | (b=0)(b=d) | (c=d)(c=a) | (d—a)(d=b)
(IMO Short list 2008, A7) *-0ya=cl 4 LroCod)  (eodie-a)  (daldd) > 0 for a,b,c,d > 0.

ab?® + bc? + ca® < 2 + abe for a, b, c > 0 satisfying a® 4+ b? + ¢ = 3.
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6 Problems in SOS form

To help you check your work, I have written each of the problems in SOS form here.

1.

10.

11.

12.

13.

14.

15.

16.

17.

. chc(a - b) (ab m

%chc(a — b)2 (at+ b -t >0.

1 2 1
2 chc(a - b) ' (W) > 0.

b)2(a+b
: chc(a_b)2 %ZO

%chc(a —b)?. m > 0. This one is also clean with Muirhead.

Just rewrite it as Schur’s inequality.
1 2 3ab+-bct
4(abtbctca) 'Ecyc(a —b)*- ( ((jz+c)%(lfi6)c ) = 0.

2 2 3a2+43b%2—c?42ac+2bc
5me—w'<wm%ﬂwﬂmwﬂzg

D eyela—b)% - (i - L ) - (a—b)(l;;cc)(c—a) > 0. The criterion I gave for extended SOS

ab (a+c)(b+c)
doesn’t work, but there is still an easy proof from here.

> 0.

AV N—

(a=b)*(b—c)*(c—a)?
(a+b)(b+c)(ct+a)(a?b+b%c+c2a+abe)

2 b2t A2b24h2e2 4202
%chc(a - b)2 : < C—Lgl;;é b) - (a - b)(b - C)(C - a) ’ <2(a2+b27ab§)(b—gicijc)(02+anca)) > 0.
Ecyc(a - b) % > ( b)2 ’ a+%+c'

a2b262(a3+b3)(1b3+03)(03+a3) . chc(a6 — %) (a — b)(cPa + b — a®b*c?) > 0.

0.

(Ve=va)(v/e=vb) ; . e

> ove (Vatvh o (Vatvhvervait o > 0. It’s convenient to stop simplifying here.

This is not a real SOS problem since a = b = ¢ is not an equality case, but the key first step is
the hopefully now familiar idea of writing the left-hand side as |(a —b)(b—c¢)(c—a)(a+b+c)|.

This is not standard SOS since there are 4 variables, but the idea is the same. (a — ¢)? -

S+a+c S a+c a c)—(b+d S—d
sty + 0 - 5T 23— b - d) - Rt

After normalizing: chc(a2 —b%)2- (4a® +4b% + 2) > 27(a® - b?) (b* — ¢*)(c? — a?) — 108abe(a —
b)(b — ¢)(c — a). Beware: this is very tight!
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